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Ternary Quadratic Forms and Norms is a collection oI five relatively short 
papers, two letters from Van der Waerden to Olga Taussky and one long 60 
page article, by H. Zassenhauss. The article by H. Zassenhauss is an excellent 
exposition of the forms and indeterminate equations of the second degree in 
Disquisitiones Arithemeticae, by Carl Friedrick Gauss. Gauss considered an 
integral quadratic form which is an homogeneous polynomial 
f(X 1 . . . . .  Xn)= ~ aikXiX k of the second degree, 
i,k=l 
with integer coefficients aik such that aik = aki. f i s  called an "nary form." f 
is associated with an n × n symmetric integer matrix (a~k), say Af. f i s  said to 
represent the form 
g(Yl . . . . .  Ym) = 
if there is a linear substitution 
7C k = ~ YiSik, 
i=1 
bikYiY k 
i,k=l 
k = 1,2 .... ,n, Sik is an integer 
such that g(Yl, Y2 .... .  Ym)= f(xl,  x~ .... .  xn). One translates this condition 
into the matrix equation Ag = SAfS r, where S = (S~k) is an m × n integer 
matrix and S r is its transpose, f is said to be equivalent to g if S - 1 exists and 
it is also an integer matrix (i.e., unimodular matrix). Gauss' program for the 
theory of ternary forms was: 
1. To find all representations of a given number by a given ternary form. 
2. To find all representations of a given binary form by a given ternary 
form. 
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3. To determine whether or not two given ternary forms of the same 
determinant are equivalent and, if they are, to find all transformations of 
one into the other. 
4. To determine whether or not a given ternary form represents another 
given form of a greater determinant and, if it does, to assign all 
transformations of the first into the second. 
Zassenhaus suggests, in his article, that by replacing "ternary" by "nary" 
and "binary" by "mary"  when 1 < m < n the Gauss program establishes the 
basis for a sensible research program for forms. He goes on to present he 
principles of the theory of n ary forms developed by Gauss in modern 
language and outlines the principles of a general theory as anticipated by 
Gauss. 
Let Q be the field of rational numbers and let F = Q(v~) ,  where D is the 
discriminant of the field F. Denote by C, the Sylow 2-subgroup of the ideal 
class group of F. Let G be the Galois group of F over Q and let o be a 
generating automorphism of G. Then the invariants of C, are precisely those 
elements in C whose order is 2. The first article in the book is entitled 
"The Redei-Reichardt Theorem: Another Proof" and is authored by Hershy 
Kisflevsky. In the article, it is proven that every element of order 2 in C is 
represented by a product of ramified primes and ff k is the number of 
invariants of C which is divisible by 4, then 2 k is the number of factorization 
of D of the second kind. 
Recall that the real automorphism group AutR(f)  of a real quadratic form 
f is the group of all g ~ GL(n,R) with gTAfg = Af, where Af  = (aij) is a 
symmetric n × n matrix with 
.f(x I. . . . .  Xn): ~ ai]xixj" 
i , j= l  
In case the aij are integers, we define the integral automorphism group 
Autz ( f )  as the intersection AutR( f )N GL(n,Z). 
The second paper on "Automorphs of Ternary Quadratic Forms" is by 
Wilhelm Plesken. The paper is 25 pages long and is organized into three 
parts. In part I, the real automorphs of nondegenerate, indefinite real 
quadratic form is discussed by using a homomorphism of SL(2,R) into 
Auto( f )  and a detailed discussion of the geometric background of this 
homomorphism. Part I I  contains a short survey of discontinuous circle groups. 
In Part III, the groups of integral automorphs of ternary quadratic forms and 
a geometric method of finding generators and defining relations of these 
groups are discussed. 
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The third article is by Hans Peter Rehm, which is on a theorem of Gauss 
concerning the number of integral solutions of the equation 
xg. + yg. + z~ = m.  
In particular, he discusses Venkow's proof of the following theorems of Gauss 
in a modernized language. If m is a square-free integer, m > 1, and m = 
lmod4, or m = 2mod4, and h(m)  is the ideal class number of the maximal 
order of the quadratic field Q(~/-S-m), and ~(m) is the number of integral 
vectors (x, y, z) such that x 2 + y2 + z 2 = m, then ~(m) = 12. h(m) .  
Olga Taussky's paper, in the book, concerns ternary forms representing 
zero. These forms are derived from rational numbers which turn up as norms 
from a quadratic field. Let F be a field of characteristic # 2 and m ~ F, 
~ F. Let A be a 2 × 2 matrix over F, and characteristic roots a, ~ in 
F(~/m), but not in F. Let S be a 2x2  matrix over F such that S-1AS = A r. 
Then - det S = norm ~,, h ~ F(v~).  Consider now the case where A is a 2 × 2 
matrix over the integers and let A = (aik). Consider the case where S 1, $9. are 
2 × 2 symmetric matrices over the integer such that A = $1S9.. Then S 1-1ASI = 
A r and -detS l= normS, X ~Q(m) .  Two quadratic forms are associated 
with A = (a~i), Fx: alg.x ~ +(a~ - axx)xxxg. - ag.lx 2. This form has the same 
discriminant as the characteristic polynomial of A. The second form, Fg., is 
obtained as follows: consider the ternary diophantine quation ag.lx I + (a~ - 
a l l )Xg .  - -  a lg .X  3 = 0. If it does not vanish identically it has a null space with 
base elements (a 1, a 2, a3) and (b x, bg., b3). Fg.: (aaa 3 9. 9. - ag )x 1 +(axb3 - a2bg. 
-b2)x  2. In another case, she considers two 2×2 + aabl)xixg. +(blb3 9. 9
matrices A, B over F where at least one of them, say A, has characteristic 
roots not in F, but in F(~/m). Then -det (AB - BA)= norm ~, h ~ F(m) .  
The letters from Van der Waerden to Taussky are concerned with the 
question of why the forms F 1 and Fg. have the same diseriminant. Van der 
Waerden first thought hat F 1 and F 2 were equivalent. But in the second 
letter, he found that they were not equivalent. Among other things, the letters 
are hall of interesting eometric facts about the discriminant of the forms in 
question. 
The sixth article, in the book, is authored by Alfred Weiss and it is entitled 
"Characteristic Polynomials of Symmetric Matrices." The paper is concerned 
with the question, if a mouie polynomial with coefficients in a field F is given, 
how does one determine whether it is the characteristic polynomial of a 
symmetrix matrix over F? The solution of this problem depends on the nature 
of the field F in a rather involved way, via a certain family of quadratic forms 
over F. 
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